1. The present investigation originated in an attempt to extend certain results of Wilder [11] concerning the imbedding of compact metric spaces in locally connected spaces. The means that suggested themselves for the treatment of the problem necessitated an analysis of the homology group of a compact space with respect to certain sequences of direct-sum decompositions. In the earlier part of this paper we introduce the concept of sequential decomposability of a vector space with respect to a countable set of subspaces. An equivalence between sequential decompositions is set up with the usual properties. Decomposition theorems with uniqueness properties for elements of the vector space are noted. In terms of a nonnegative real-valued function on elements of the vector space, a topology is introduced in which the vector space is a Hausdorff space if and only if it is metric; the completeness of this space is also discussed. When the vector space is a complete metric space, there exists a countable set of elements associated with the sequential decomposition which becomes a base for the space in the sense of infinite combinations.
Since the homology group of a compact space with coefficients over a field is a vector space, the preceding results are applicable; conditions are discussed under which the homology group is a metric space, and further conditions under which it is complete. The existence problem arising here is disposed of readily by showing that compact G § subsets of locally compact lc Γ spaces (see 8.1 below) satisfy the requirements of the preceding abstract situation. This gives further an intrinsic approach to the existence of a fundamental system of 0-cycles discussed by Wilder in another setting [13, Ch. VI, §5] .
In an investigation of this kind it is often desirable from many points of view to have a specialized class of objects with a well-defined property; hence we next occupy ourselves with determining the existence of a fundamental 192 EVERETT LARGUIER system of nontrivial 0-cycles for the sets described above. The existence of such a fundamental system plays a mildly important role in the sequel.
With this done, the stage is set for a partial solution of the problem whence arose the whole discussion, and a sufficient condition is given under which a compact Hausdorff space M is imbeddable as a Gg subset of a 0-lc continuum, which is obtained by adjoining a denumberable infinitude of disjoint arcs to M. To improve the value of the preceding result, it is pointed out that the hypothesis of the theorem is verified by a class $ of compact spaces which includes definitely nonmetric spaces. Using the same technique as was employed in obtaining the preceding result, we show further that the class $ contains as a proper subset the class of all compacta. Another condition is given that a separable compact G § subset of a space 5 be a subset of a locally compact subset S'C S. A localization of the preceding condition gives the last application of the abstract development.
II. SOME PROPERTIES OF VECTOR SPACES
2. Sequential decomposition. In the sequel all vector spaces will be taken over a given field, ^. Let H = {///<.} be a monotonic decreasing sequence of subspaces of a vector space V such that each IIk is finite co-dimensional [4, Ch. 2, Def. 2] , then evidently [8, Cb. II, (23.1) ] there always exists a countable set of linearly independent elements g = ί gι } of V such that (i) g£ = ί gι | 1 < ί £ i/c ! is a set of generators for a subspace G&, (ii) V is the direct sum of Gk and Hk, and (iii) { gi \ i > ί^l C Hk Similarly, if g = { gι \ is a countable linearly independent set of elements of a vector space V then there exists a sequence H of subspaces having the properties described above such that (i), (ii), and (iii) again hold. This pair (H,g) will be called a sequential decomposition of of V. Evidently g is not unique.
In terms of a fixed sequential decomposition we may obviously [8, Ch. Π, (23.1) For each υ £ V and each positive integer k, the family of sets of the form The existence of a sequential decomposition compatible with a given sequence of coverings is obvious. Concerning this notion we make the following remarks which will be used later. 6. Metrizability. In the preceding part on vector spaces it was noted that a necessary and sufficient condition for the vector space to be llausdorff under the topology introduced was the metrizability by the function p. We shall formulate here a sufficient condition that II r (S, g) be metrizable in this way. As a preliminary we introduce the following lemma.
LEMMA, (i) Let there exist for each covering U of S a number k(\X) and a refinement U > U such that //J, Λ(U ) belongs to the kernel of h uu '; and
) be such that for each k there exists a covering V (k) with the property that
Proof. Let U be an arbitrary covering of S; we must show that h u T r = 0. Let k{\l) be the number given by hypothesis (i), and U the refinement such that ^z/^w w ) belongs to the kernel of h uu '. By hypothesis (ii), for k -
Let ID be a common refinement of U and I) (k). Then we have
But h w T r C h w H^. Hence we evidently have the desired result.
We may now state and prove a theorem giving a sufficient condition for the metrizability of H r (S, g) .
THEOREM. // for each covering U of S the hypothesis
Proof. Evidently all we need prove is that, for Z^ Z such that Hfr is contained in the kernel of h u . A space S will be said to have the property P r (rel H Γ , Γ Γ ) with respect to a compact subset M C S, if the property described is satisfied with respect to the homology theory of M itself.
The following lemmas are quite obvious. such that:
a hasis for cycles of M with respect to homologies on Ujς
The sequential decomposition given by the preceding theorem will be called We now treat the possibility of obtaining a sequence { S& ! of coverings of S compatible with a given sequential decomposition. Consequently the sequential decompositions are equivalent as required.
9. Existence of a fundamental system. This section will be devoted to the proof of the existence of a fundamental system of r-cycles. In order to show that M' is Hausdorff, it seems evident that we need only verify the separation axiom, and that only for points of P; the other possibilities have obvious verifications. Therefore let q χ and q 2 be two distinct points of P. Since 15. The class S. In order to improve the value of the preceding theorem, it is desirable that the class K of compact spaces which satisfy the hypothesis includes, in addition to all metric spaces, a definite nonmetric space. This is partially accomplished by showing that the nonmetric compact Hausdorff space of 1, p. 76 ] fulfills the requirements of the theorem; details of this procedure are tedious, though not difficult, and will not be given here. Using practically the same technique, we can show that the class of all compacta is a subset of S. Of course this last result yields immediately the conclusion that every compactum is imbeddable as a compact G § subset of a 0-lc continuum formed by the addition of a countable set of arcs; this is also a corollary of the Urysohn theorem on the imbedding of such spaces in the Hubert parallelotope.
16. A necessary condition. In giving a necessary condition, we shall restrict ourselves to separable 1 compact Gg subsets. Incidentally, we might remark that the Alexandroff-Urysohn nonmetric space, referred to above, is separable; this indicates that the restriction imposed does not limit the spaces to which the theorem is applicable too sharply. As an immediate consequence of an obvious lemma and a theorem due to Wilder [13, p. 143, Th. 11.10] (1) the set γ® is lirh on V, (2) for any covering Cj, the coordinates of the first C( -1 of the 0-cycles are lirh on the covering C; and form a basis for homology on the covering, and the remainder are homologous to zero. Consequently we may show in a way similar to that used in the proof of Theorem 11,1 that this collection gives rise to a sequential decomposition which induces a Hausdorff topology in #°(F, g).
The remainder of the proof follows easily. By a theorem due to Begle [2, p. 63] all but a finite number of 0-cycles of the collection γ® bound in P, so that by Theorem 16.1 all but a finite number of the carriers of the 0-cycles of this collection are contained in 0-lc connected sets of P.
Since the 0-lc property is a local characteristic of a space, we could give an obvious localization of the preceding result with the natural satisfaction of aesthetic completeness.
